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SUMMARY

Double sampling (DS) X-control charts are designed to allow quick detection of a small shift of process mean and
provides a quick response in an agile manufacturing environment. However, the DS X-control charts assume that
the process standard deviation remains unchanged throughout the entire course of the statistical process control.
Therefore, a complementary DS chart that can be used to monitor the process variation caused by changes in
process standard deviation should be developed. In this paper, the development of the DS s-charts for quickly
detecting small shift in process standard deviation for agile manufacturing is presented. The construction of the
DS s-charts is based on the same concepts in constructing the DS X-charts and is formulated as an optimization
problem and solved with a genetic algorithm. The efficiency of the DS s-control chart is compared with that of the
traditional s-control chart. The results show that the DS s-control charts can be a more economically preferable
alternative in detecting small shifts than traditional s-control charts. Copyright © 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In any production process, regardless of how well
designed or carefully maintained, a certain amount
of inherent or natural variability or ‘background
noises’ is always present. This variability in key
quality characteristics usually arises from three
sources: improperly adjusted machines, operator
errors and/or defective raw materials. Such variability
usually represents an unacceptable level of process
performance. We refer to these sources of variability
that are not a part of the chance cause pattern as
‘assignable causes’. Once a process is in a state
of statistical control, it keeps producing acceptable
products for a relatively long period of time. However,
occasionally assignable causes will occur, seemingly
at random, resulting in a ‘shift’ to an out-of-control
state where a larger proportion of the process output
does not conform to the requirements. A major
objective of statistical quality control is to quickly
detect the occurrence of assignable causes or process
shifts so that investigation of the process and
corrective action may be undertaken before a large
number of non-conforming units are manufactured.
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The control chart is an on-line process control
technique widely used for this purpose.

Knowledge of the behavior of chance variations is
the foundation on which control chart analysis rests.
If a group of data is studied and it is found that
their variation conforms to a statistical pattern that
might reasonably be produced by chance causes, then
it is assumed that no special assignable causes are
present. The conditions which produced this variation
are, accordingly, said to be under control. They are
under control in the sense that, if chance causes are
alone at work, then the amount and character of the
variation may be predicted for large numbers and it
is not possible to trace the variation of a specific
instance to a particular cause. On the other hand, if
the variations in the data do not conform to a pattern
that might reasonably be produced by chance causes,
then it is concluded that one or more assignable causes
are at a work. In this case the conditions producing
the variation are said to be out of control. In the
case of statistical process control using control charts,
any group of data outside the control limits of the
control charts is taken as an out of control signal and
actions need to be taken to discover and eliminate the
assignable causes of the variation.

As today’s manufacturing firms are moving towards
agile manufacturing, quick and economic on-line
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statistical process control solutions are in high de-
mand. Double sampling (DS) X-control charts present
a good alternative for statistical process control in
an agile manufacturing environment. The efficiency
of the DS X-control chart for detecting changes in
process mean has been compared with other types
of control charts such as Shewhart, variable sampling
intervals (VSIs), cumulative-sum (CUSUM) and ex-
ponentially weighted moving averages (EWMAs) by
Daudin [1]. When being compared to a fixed sample
size procedure, the DS procedure was chosen such
that its average sample size when the process is in
control is equal to the fixed sample size. The results
of the comparison reported in [1] are summarized in
the following.

In comparing the DS control chart with the VSI, the
average time to signal (ATS) was used. The ATS is
defined as the expected value of the time between the
start of the process and the time when the chart signals.
The results of the comparison showed that when the
time required in collecting and measuring the sample
is negligible, the DS scheme is more efficient than the
VSI one.

When being compared to a classic Shewhart
chart, a DS chart showed better detection of
smaller to moderate shifts. Detection of large shifts
is better accomplished with the Shewhart chart.
Another advantage of using a DS chart over the
Shewhart chart is the dramatic decrease in average
sample size. When the process is in control, this
decrease is nearly 50%. Based on the results of
the comparison, Daudin [1] concluded that the DS
X-chart might be substituted for the Shewhart X-chart
whenever the improvement in efficiency outweighs the
administration/trouble costs. In this paper, Daudin [1],
defined the efficiency as the highest magnitude of the
shift in process that the control chart scheme is capable
of detecting while having a certain sample size.

The comparison with the combined Shewhart
CUSUM chart showed that the two-sided combined
Shewhart CUSUM schemes are better for detecting
small shifts and the DS chart is better for detecting
large shifts. The efficiency of the DS chart is close
to that of the two-sided combined Shewhart CUSUM
schemes with k = 1, but very different from the
two-sided combined Shewhart CUSUM schemes with
k = 0.25. Here, k is the reference value (or the
allowance or the slack value) and is often chosen as
about halfway between the target value for the mean
and the out-of-control value of the mean that we are
interested in quickly detecting [2]. Therefore, the DS
chart may be appropriate when greater efficiency is
required for small shifts than with the Shewhart chart
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and protection against large shifts is also important.
However, when large shifts are very unusual, the
CUSUM or combined Shewhart CUSUM schemes are
best.

For comparison with the EWMA scheme, DS charts
were designed to match average run lengths (ARL)
with corresponding EWMA charts when the process
is in control. When A = 0.75, the DS chart has a
greater efficiency than the EWMA chart. However,
when A = 0.5 or 0.25, the EWMA chart is better for
detecting small shifts and the DS chart is better for
detecting large shifts. Here 0 < A < 1 is a weighting
factor. As A decreases, the weight on previous history
(1 — )) increases [3].

The DS X-control charts assume that the process
standard deviation remains unchanged throughout the
whole course of the process control. Therefore, the DS
X-charts alone are not sufficient to monitor the
process, as the process standard deviation could be
shifted while the mean of the process stays the same.
A change in process standard deviation with a fixed
process mean could lead to a higher proportion of
non-conforming parts from the process, although the
process is under the control of the X-control chart.
For quick detection of smaller shifts in the process
standard deviation, the double sampling s-control
chart, which was developed in this paper, could be a
good complement to the DS X-control chart.

Nowadays there are a wide variety of charts
for monitoring process variability. Eventually, the
choice will be in favor of more economical and
statistically sound at the same time. The method
proposed in this paper leads to a smaller average
sample size compared to traditional s-control charts,
hence reducing the cost of the process monitoring.
There are a few interesting papers published recently
proposing new methods in economic design of
control charts for variables. The work by Costa and
Rahim [4] of the economic design of X- and R-charts
for simultaneously monitoring both the mean and
variance of a continuous production process is one
such paper. The product variable quality characteristic
is assumed to be normally distributed and the
process is subject to two independent assignable
causes. One cause changes the process mean and
the other changes the process variance. It is also
assumed that the occurrence times of the assignable
causes are described by a Weibull distribution with
increasing failure rate. They developed a cost model
and adopted a non-uniform sampling interval scheme.
Then, by adding statistical constraints they extended
the model to an economic—statistical design model
for achieving desired levels of statistical performance
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while minimizing the expected cost. As expected,
economic—statistical design is more costly than
economic design because of the added constraints.
The study shows that the statistical performance of the
control charts with respect to the average time to signal
due to false alarm can be significantly improved by an
added cost.

The research work by Tolley and English [5]
is a significant work in terms of studying the
economic—statistical design (according to their def-
inition, economic design of a constrained control
chart). They present a comparison between the cost
performances of the exponentially weighted moving
average (EWMA) and the combined EWMA and X-
control chart schemes. In particular, they explored
the impact of constraining the in-control average run
length on the optimal cost performances of both
schemes. This research suggests that the region of
greatest chart discrimination occurs when the shift
is small, and the EWMA weighting parameter, A, is
large. Examination of cost surfaces under in-control
average run length constraints revealed that for the
combined EWMA and X-charting schemes the cost
model is not a well-behaved function and presents
optimization challenges. No significant differences in
estimated total cost for the two charting schemes is
revealed though.

Because of the efficiency of DS X-charts in
detecting a small shift in process mean, one could
naturally extend the same principle of DS X-control to
develop a DS s-chart control. Up to now, no research
work on the construction of DS s-chart has been
reported in the literature.

The remainder of the paper is organized as
follows. In Section 2, brief background information
on traditional s-control charts is provided. Section 3 is
devoted to the method of development for constructing
the DS s-control chart. In Section 4, the use of
a genetic algorithm for solving the DS s-chart
construction problem is explained. In Section 5,
the efficiency of the DS s-charts is compared with
that of the traditional s-charts and the results of
the comparison are presented. Finally, Section 6
concludes the paper.

2.  BACKGROUND OF TRADITIONAL
s-CONTROL CHARTS

Let s be a sample standard deviation and o be a
process standard deviation. If samples are drawn from
a population with a normal probability distribution,
then the mean of the sample s is given as c40.
It is also known that, as n increases, the distribution
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of s becomes closer and closer to a symmetrical
distribution [3].

Theoretical knowledge of the distribution of s in
samples from a normal universe is the basis for 3o
limits on the control charts for s. The sample standard
deviation s is not an unbiased estimator of o. If the
underlying distribution is normal, then s actually
estimates c40, where c4 is a constant that depends
on the sample size n [2]. Furthermore, the standard

deviationof siso /1 — cﬁ. This information was used
to establish a traditional control chart on s. For the
case with known process standard deviation o, since
E(S) = c40, the centerline for the chart is c40.
The control limits for an s-chart can be computed as

follows:
UCLs = cq40 + 30@
LCLs = cq0 — 30\/@
where:

['(n/2)

o 2
“=Wrn-i)Tu=-12

and I'(-) is a Gamma function.

3. DEVELOPMENT OF DS s-CONTROL
CHARTS

Up to now, no effort on developing methods for
constructing DS s-charts has been reported in the
literature. In this section, the development of the
DS s-chart is presented. Specifically, the following
procedure is proposed for the chart construction.
Two successive samples are taken without any
intervening time, which means that the samples
are coming from the same probability distribution.
This could be achieved by collecting a master sample
of ny + ny units all at the same time. First, analyze
the first sample 71 and then decide whether to analyze
the remaining units. Figure | provides the graphical
representation of the DS s-control chart. The control
limits of the chart are shown in the number of the
standard deviations of the estimated sample standard
deviation. All the steps involved in the DS s-control
chart could be summarized into a simple procedure.
Before the DS s-control chart procedure is
presented, let us define the coefficient for sample size

ofni:
B 2 I(n1/2)
=W =1 ) Tl — /2]
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Figure 1. Graphic view of the DS s-control chart

and the coefficient for sample size of ny + n; (see the
derivation of ¢4 in Appendix A):

o4 — 2 I'[(ny +ny—1)/2]
T Wi+ =2 ) T +m2 —2)/21

Then the mean of the random variable s at the
first stage is c410, the standard deviation of sy is

o,1— cﬁl, the mean of the random variable sj, at
the second stage is c40, the standard deviation of s12

is o,/1— cﬁ. It is also assumed that s; and sy are
normally distributed.

DS s-control chart procedure

(1) Take an initial sample of size n;. Calculate the
standard deviation of the sample, s7.

@) If (s1 = eao)
[— D1, D1], the process is considered to be under
control.

3) If (s1 — 6410)/<G,/1 — cﬁl ) lies in the range
(=00, —D] and [ D, +00) the process is considered to
be out of control.

@ 1 (51 = eno) [(o/1=c3) lies in the
intervals [—D, —D;] and [Dj, D], take a second

sample of size np and calculate the total sample
standard deviation

(o,/ 11— c?” ) lies in the range

>y (ni - Ds?
Z?:l ni —?2

[ = Dsf+ (2 — Ds3
o ny+ny—2

O If (s12 — C4<7)/((71 /1 — cﬁ) lies in the interval
[—D», D>], then the process is in control, otherwise
the process is out of control.

Copyright © 2002 John Wiley & Sons, Ltd.

The design of a DS s-chart involves determining the
values of the following five parameters:

n1, sample size of the first sample;

e 13, sample size of the second sample;

e Dpand — Dy, the limits on the first sample within
which the process is said to be in control;

e D and —D, the limits on the first sample beyond
which the process is said to be out of control;

e Dy and — Dy, the limits on the second sample

within which the process is said to be in control.

In this paper, the optimal design of a DS s-control
chart is formulated as an optimization problem.
The objective function of the optimization problem
is to minimize the average number of samples during
the normal operation of the process. The optimization
problem has two constraints. The first constraint is
that the probability of concluding that a normal
process is out of control is less than a constant «,
which is normally specified as the manufacturer’s
risk. The second constraint is that the probability of
concluding that an abnormal process is in control
is less than B, which is normally specified as the
consumer’s risk.

Let us define the intervals

I = [6‘410’ — Dyo/1 — cﬁl,cma + Dio4/1 — szu]
L= [6410' — Dyy/1 — cﬁl, cs10 — Dioy/1 — cﬁl]
U [0410 + Dio,/1 — cﬁl,cma + Dyy/1 — szu]
I3 = (—oo,C41cr — Dgy/1 — 04211]
U [C41cr 4 Dg4/1 — cfu, oo)
Iy = [C40’ — Dyoy/1 — ci,cur + Dyoy/1 — ci]
Is = (—oo, c40 — Droy/1 — ci]
U [C4a + Dyoy/1 — cﬁ, +oo)

Mathematically the optimization problem can be
written as follows:

Min ni+mPrisieh|o=0] (1)

nl,nz,D,Dl ,D2
Subject to:
Pr[Out of Control | 0 = 0g] < « 2)
Pr[In Control | 0 = 01] < B 3)

The objective function (1) in the optimization model
is to minimize the average sample size subject to two
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Formula 1
Py =Prsy € I1]
2
exp ( — ((sl — 04100)/(00,/ 1— 04211 )) /2)
= / ds1
s1€ly 21 o4/ 1 — c?”
Formula 2

Py = Prls12 € 14]

:PT[C4G—D20 1—Ci<S12<C40'+D20’ l—ci]

n — Ds? + (ny — 1)s2
=Pr C4cr—D2cr,/1—cﬁ<\/(1 )$i + (n2 )2<C40+D20 l—ci

ny+ny—2

2 n1 — Ds? + (np — 1)s2 2
=Pr (C40’—D20’ l—ci) <(1 n?—;—nz(—ZZ )5) <(640+D2c7,/1—c£>

2 ny — 1)s2 + (ny — 1)s2 2
=Pr 62(6‘4—D2\/1—C§) < Gl IS+ )52 <62(6'4+D2,/1—c§)
ny+ny—2

r ) C1)s2/02 4 (ny — 1)s2 /02 )
_pr <C4—D2 /1_6_‘2‘) < (n1 )sln/la+n2(1122 )s5 /0 g(c4+D2 1_62)

constraints. Constraint (2) ensures that the probability
of making a false alarm is not greater than « (Type I
error) and constraint (3) ensures that the probability
of not detecting a shift in process standard deviation
is not greater than S (Type II error). In addition
to constraints (2) and (3), lower and upper bounds
are imposed on D, Dj and D;. The values of the
lower and upper bounds are set up as suggested by
Daudin [1] for practical implementation of DS charts.
Daudin [1] recommended that D must be higher than
the classical values 3 or 3.09. A good choice is D =
4 or 5. D; must be lower than the classical value
for the warning limit, which often is taken to be
equal to 2. A good choice for Dp is between 1.3
and 1.8. Also, integer constraints are imposed on 71
and n7. In order to solve the optimization problem
(1)-(3), the probabilities in constraints (2) and (3)
should be defined in terms of the decision variables
niy, ny, D, Dy and D;. Therefore, the derivation
of probabilities Pr[Out of Control | ¢ = op] and
Pr[In Control | o = o1] is provided next.

Because the control chart involves two stages, the
decision whether the process is in control or not
should be based on analyzing both stages. Let P,

Copyright © 2002 John Wiley & Sons, Ltd.

and P, be the probabilities that the process is in
control at the first and second stage, respectively.
Then, the probability that the process is in control can
be computed as P, = P, + P,2. Consequently, the
probability that the process is out of control is equal to
1 - P,

Let us first expand constraint (2). It could be
represented as

1= (Pu+Pp)<a

When there is no shift in process standard deviation,
the probability that the process is in control at the first
stage is computed as shown in Formula 1.

The probability that the process is in control at
the second stage when there is no shift in the
process standard deviation can be derived as shown in
Formula 2.

Let

r=ny+ny;—2

_ (m—Ds}

_ (m—1Ds3
==

’

2

o

Random variables xand y follow chi-square distribu-
tions with n;y — 1 and np — 1 degrees of freedom
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Formula 3

exp ( - <(s1 = C4100)/(00m>)2/2>

ds1

it P
siel; 27 094/ 1 — 3,

y((2=1)/2)=1 o=y/2

x <o

/xelg‘ |:/ye[A,B] 2=D20 ((np — 1)/2)

K (m=1)/2)=1 g—x/2 ;
200=D/2T ((ny — 1)/2)

respectively, i.e.
X an —1 y Xi’lz —1

Therefore, the conditional probability is computed as
follows:

Prlsip € Iy | 51 = x]

2
=Pr |:F(C4 — Dy,/1 —ci) —X
2
<y < r(C4+D2,/1 —cﬁ) —xj|

Let
22
A:r(C4+D2 1—04) —X
2
B:V(C4—D2 l—cﬁ) —X

The chi-square probability density function is

1
_ (m=1)/D)=1 g=x/2
f(x) - 2(n1—1)/2F((n1 - 1)/2)x ) ’
X > 0
1
_ ((12=1)/2)=1 g=/2
fy= 202-D2T (n3 — 1)/2)° S
y > 0

Py = / {Prlsi2 € I4 | s1 = x]} f(x) dx
xely
y((nrl)/2)*1 e V/2

/xelz* [/ye[A,B] 2=D/2T ((ny — 1)/2)

(m=1)/2)=1 g=x/2

d
X 20D (g — 1)/2)

where I can be written as follows (see the derivation
of I3 in Appendix B):

I = |:(n1 — 1)<C41 —D,/1 —042; )2»
(n; — 1)(041 — Di4/1 _04211 )2i|

Copyright © 2002 John Wiley & Sons, Ltd.

T\2
U |:(n1 - 1)<C41 + D 1—041) ,

m = Desr + D1 -, )2}

Thus constraint (2) can be written as:
Pr[Out of Control | 0 = op] < «, i.e. as shown
in Formula 3.

Constraint (3) ensures that the probability of
deciding that there is no shift in process, when there
is actual shift in process standard deviation less than
or equal to a predefined acceptable probability:

Pa1+Pa2<:3

When there is a shift in the process standard
deviation from oto o1, then the probability that the
process is in control at the first stage is equal to

Py1 =Prl[s1 € 1]

oo )
B s1€h «/Eal,/l—cfl

When there is a shift in the process standard deviation
from o to o1, then the probability that the process is
in control at the second stage is computed as shown in
Formula 4.

ds1

Define
Al = 0_2 — 2 2_
1=r—ca+ D21 —cy x
0]
Bl = 6—2(-—0 1—-2)2—
1=7r ) C4 2 Cy X
91

Thus, the conditional probability that random variable
s12 will fall into interval /4 given that random variable
s1 belongs to interval I, is computed as

Pgr = Prls1p € Is | 51 € 1]
= / {Prls12 € 11 | s1 = x]} f(x)dx
xel2**
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Formula 4
2 2 -1 2 2+ -1 2 2 2 2
o n s /o n s5 /o o
Pr —2<C4—D2 l—ci) g(l )1/1 (n2 )2/1<—2<C4+D2,/1—C£>
o ny+ny—2 o
o? 2 o2 2
=Pr r—2<C4—D2 l—cﬁ) —xgygr—2<C4+D2,/l—c§) —X
g g
Formula 5

dsy

2
/ exp<—((s1—04101)/(01,/1—c§1 )) /2)
s1€h V2m o111 =2,
y(m=D/2)=1 g=y/2 (=1/D)=1 o=x/2
+ d dx <
/xeq* Uyeml,m 202-D2F (ny — 1)/2) } 20D (o — ) 5P
where I7* can be written as follows (see the derivation of /;* in Appendix B):

2 2 2 2
o o

I = [(m — 1)—2(C41 — D1 _cgl) (ny — 1)—2(C41 — Dyl —cﬁl) ]
o Ul

1

o’ 2\ o’ 2\
Ul (ng — 1)—2(041 + Dyy/1 —041) ,(n1 — 1)—2(041 + D,/1 —c41>
o] o1

Formula 6
2
exp ( - ((Sl - 04100)/(00\/ - )) /2>
Min  ny+n; / dst @
ny.n,D,Dy,Dy si€lh V2 o094/ 1 —cil
Subject to

ds1

exp(— <(s1 — C41cro)/<cro,/1 — cﬁl>)2 /2)
- /slell x/Ecro /1_651

y{m=D/2)=1¢=y/2 (=D/D)~1 g—x/2
_ d r<a (5
/xe/; [/yem,g] 202=D72T ((nz — 1)/2) yL('“—“/ZF((nl—l)/z) rse ®

exp < - ((Sl - 6‘4161)/(61M))2 /2>
./s]ez] mglm

y(=D/2)=1 gy/2 C(n=D/2)~1 g=x/2
+ d dx < 6
/xelg‘* [_/ye[Al,Bl] 2=D20 ((np — 1)/2) y] 2m=D/2((n; — 1)/2) *<h ©

dsg
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y((2=1)/2)=1 o=/

/xez;* |:/ye[A1,Bl] 2m=D20 ((np — 1)/2)

K (m=1)/2)=1 g—x/2

dx
20D () — 1)/2)

Constraint (3) can be written as (for a given
intended change in process standard deviation)

Pr[In Control | 0 = 01] < B

i.e. as shown in Formula 5.
Then, the optimization problem (1)—(3) can be
written as shown in Formula 6.

4. SOLVING THE OPTIMIZATION PROBLEM
USING A GENETIC ALGORITHM (GA)

As one can see that the minimization problem for-
mulated by model (4)—(6)) is characterized by mixed
continuous-discrete variables and discontinuous and
non-convex solution space. Therefore, if standard non-
linear programming techniques are used for solving
this type of optimization problem, they will be inef-
ficient and computationally expensive. Genetic algo-
rithms (GAs) are well suited for solving such problems
and, in most cases, find a global optimum solution with
a high probability [6]. Another motivation in using
GAs to solve model (4)—(6) is that since the pioneering
work by Holland [7], GAs have been developed into
a general and robust method for solving all kinds
of optimization problems (e.g. Goldberg [8], Porti-
eter and Stander [9], Pham and Pham [10], Vinterbo
and Ohno-Machado [11]) and computing software for
applications of GAs have been made commercially
available in the market. Thus solving model (4)-(6)
using GAs provides a practical way for real-time
statistical process control implementation. The GAs
have been used for the statistical design of DS and
triple sampling X -control charts [12].

The tool used for implementing the GAs in
solving model (4)—(6) is a commercially available GA
software called Evolver [13]. Evolver is used as an
add-in program to the Microsoft Excel spreadsheet
application. The optimization model (4)—(6) is set
up in an Excel spreadsheet and solved by the GA
in Evolver. The operation of the genetic algorithm
involves the following steps:

(a) create a random initial solution;

(b) evaluate fitness, i.e. the objective function that
minimizes the average sample size when the
process is in control;

(c) reproduction and mutation;

(d) generate new solutions.

Copyright © 2002 John Wiley & Sons, Ltd.

The quality of the solutions generated by the
GAs depends on the setup of its parameters such as
population size, crossover and mutation probability.
During the implementation, the values of these
parameters are setup to obtain the best results.

Crossover probability determines how often
crossover will be performed. If there is no crossover,
an offspring (new solution) will be an exact copy of
the parents (old solutions). If there is a crossover, an
offspring (new solution) is made from parts of parents’
chromosome. If crossover probability is 100%, then
offspring are made by crossover. Crossover is made
in the hope that new chromosomes will have the good
parts of the old chromosomes and maybe will be
better. However, it is good to leave some part of the
population to survive to the next generation.

Mutation probability determines how often parts of
the chromosomes will be mutated. If there is no muta-
tion, offspring will be taken after crossover (or copy)
without any change. If mutation probability is 100%,
the whole chromosome is changed. Mutation is made
to prevent the search by the GA falling into local
extremes, but it should not occur very often, because
then the GA will in fact change to random search.

In our computational experiment, the population
size is set to 1000. The crossover probability is setup
to 0.5 and the mutation probability is 0.06.

The integrations in (5) and (6) are computed with
numerical integration using Simpson’s rule [14].

5.  PERFORMANCE EVALUATION OF THE DS
s-CONTROL CHART

In order to evaluate the performance of the developed
DS s-chart, its efficiency (measured by the average
number of samples inspected to detect a shift of a
certain magnitude) was compared with that of the
traditional one. For any control chart for variables, the
average number of samples before a shift of a certain
magnitude is detected should be as small as possible.
The average number of samples before the false alarm
should be as large as possible. The ability of the
s-charts to detect a shift in process quality is described
by their operating-characteristic (OC) curves.
Another way to evaluate the decisions regarding
sample size and sampling frequency is through
the average run length (ARL) of the control chart.
Essentially, ARL is the average number of points that
must be plotted before a point indicates an out-of-
control condition [2]. For any Shewhart control chart,
ARL can be expressed as ARL = 1/ P (one point plots
out of control) or ARLy = 1/« for the in-control ARL
and ARL; = 1/(1 — B) for the out-of-control ARL.
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In order to compare the DS s-control chart with
the traditional one a procedure similar to that used
by Daudin [1] for comparing DS X-control carts with
Shewhart charts is used. In Daudin’s procedure, the
efficiency of a DS X-chart is compared with that of
a corresponding Shewhart X-chart that is matched
with the same ARLy and ARL; as the DS X-chart.
The efficiency is measured by the number of samples
collected on average to detect the shift of a given
magnitude.

In our procedure, for a given pair of ARL; points
and a given shift in process standard deviation, a
DS s-chart and traditional s-chart were constructed.
Then, the efficiency of the two charts was compared.
Here a shift in process standard deviation is expressed
as a ratio of the shifted process standard deviation o
to the normal process standard deviation op:

L
o0

In our computational experiment, the DS s-charts
and traditional s-charts were constructed over a range
of A values from 1.2 to 6.0. The two ARL points used
in the comparison were: ARLy = 370.4 (« = 0.0027)
and ARL; = 1.222 (8 = 0.1817).

Since for a traditional s-chart with 3o control limits,
ARLy = 370.4, hence we try to determine its sample
size n such that ARL; < 1.222,1.e.

B=Pr{LCL<Ls <UCL|o =o01}<0.1817

For constructing a corresponding DS s-control
chart, the two ARL points (o and 8 values) and the
given o1 value (obtained from given A and known o)
were used to solve the optimization model (4)—(6) with
a GA.

It should be noticed that after the determination
of two matched charts, for shifts less than A the DS
chart has a lower ARL and for shifts larger than A
the DS has a higher ARL. For example, a plot of the
ARL of a traditional s-chart with a sample size of
18 and the corresponding ARL of a DS s-chart with
an average sample size E(N) = 13.68 is shown in
Figure 2.

From Figure 2 we see that when A < 1.8 the DS is
more efficient and when A > 1.8 the traditional chart
is more efficient.

Having constructed the charts, the efficiency of the
charts is compared in terms of the number of samples
required to detect a shift of a certain magnitude.
The results are provided in Table 1.

From Table 1, one can observe that the results could
be grouped into two major patterns. In comparison
with the traditional s-control chart, the computational

Copyright © 2002 John Wiley & Sons, Ltd.

results show that for a relatively small shift in process
standard deviation (1.2 < A < 2.1) there is
a significant reduction in the average sample size
when the DS s-control charts are used. For those
who are interested in the detection of shifts less
than the corresponding A, when A changes from 1.2
to 2.0, the DS s-control chart could be used to
significantly reduce the cost associated with collecting
and inspecting samples.

When the shift ratio A is greater than 2.1, the
computational results show that the DS s-control
chart is required to have the same sample size of
n1 = 6 and ny = 16 to detect those shifts, while for
traditional s-control charts the sample size required to
detect certain shift is decreasing as shift magnitude
is increasing. The reason for such a behavior is that
when the sample size is relatively small (n; < 5),
the s-control chart becomes one-sided and the normal
approximation is not valid anymore. Indeed, when
the chart is one-sided the area under the normal
distribution curve becomes less than 1. While sample
size decreases the area under the normal distribution
curve decreases accordingly. With probability less
than unity, the normal approximation cannot provide
satisfaction of the constraints. In particular, for
constraint (2), there is no such a combination of
design variables which could ensure the probability
of a false signal less than 0.0027, because the
difference between unity and the combined probability
of mistakenly deciding that process is out of control
for both stages (which is less than 1 by more
than 0.0027) is always going to be more than
0.0027.

For the case where A < 1 the model behaves as
expected, i.e. a larger average sample size is needed
to detect a smaller shifts and smaller average sample
size is needed to detect larger shifts. The results also
show that for the same shift, the DS s-charts require a
smaller average sample size.

From the statistical theory, when the samples come
from a normal population we know the expected mean
and standard deviation of s in samples, but not the
type of distribution. What kind of distribution does s
have for small sample sizes? For example, for samples
of size five or less while setting up the limits for
traditional s-chart, the lower control limit is set up to

zero, because c40 —30,/1 — c}f is becoming negative.
The reason is that the real distribution differs from
the normal distribution significantly, that is why the
LCL implied to be 30 away from the mean becomes
a negative number (the s distribution does not extend
for 30 from the left side of the mean, it starts less
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Figure 2. The ARL of a traditional s-control chart with a sample size of 18 and the corresponding ARL of a DS s-control chart with an average
sample size E(N) = 13.68

Table 1. The results of comparison between the DS s-control charts and the Shewhart type s-control charts

DS chart

n ny ny A =o01/og ARLy ARLy Dy D D, E(N)
41 20 30 0.6 3704 1222 1.69 410 2.59 22.71
175 82 174 0.8 3704 1.222 158 4.15 262 101.73
211 133 200 1.2 3704 1222 179 3.60 295 146.92
99 65 80 1.3 3704 1.222 179 330 299 70.55
59 37 71 1.4 3704 1222 171 3.04 253 42.25
40 25 54 1.5 3704 1222 175 3.03 2.64 29.17
30 17 50 1.6 3704 1222 166 3.01 273 21.76
22 15 26 1.7 3704 1.222 1.80 3.01 2.65 16.81
18 11 29 1.8 3704 1222 1.67 3.00 2.63 13.68
15 10 20 1.9 3704 1.222 179 3.03 261 11.40
13 8 23 2.0 3704 1222 176 3.02 2.58 9.75
12 8 12 2.1 3704 1222 179 3.02 2.66 8.84
10 6 16 2.2 3704 1.222 149 3.04 2.68 8.11
9 6 16 2.3 3704 1222 177 3.02 252 6.89
9 6 16 2.4 3704 1222 177 3.02 252 6.89
8 6 16 2.5 3704 1222 177 3.02 252 6.89
5 6 16 3.0 3704 1222 177 3.02 252 6.89
5 6 16 4.0 3704 1222 177 3.02 252 6.89
4 6 16 4.5 3704 1222 177 3.02 252 6.89
4 6 16 5.0 3704 1222 177 3.02 252 6.89
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than 30 away from the mean). It means that the
real distribution is asymmetric, with a shorter tail
from the left of the mean and a longer tail from the
right.

The assumption that s has a normal distribution
is becoming unconvincing as the sample size
decreases, because the real distribution becomes more
asymmetrical. On the other hand, we can assume that s
has a normal distribution for moderate or large sample
sizes because it is known that the real distribution
becomes symmetrical. A good indicator of whether
we can assume the normality of the distribution of
s could be the LCL of the s-control chart. If it is
positive, it means that the left tail extends for at least
30 from the mean. If LCL is negative, it means that
the s distribution is highly asymmetric and the smaller
the sample size the more asymmetric the distribution.
For samples of size five or less, it is not reasonable to
assume that s has a normal distribution, because the
mean is more shifted towards the left side. It means
that the computational data for the shifts of more than
2.1 are not valid and cannot be used for a comparison
of the two charts.

We can conclude that the assumption of the
normality of s is valid only for samples of size six
and more and we consider the samples of size five and
less as having another distribution (non-symmetrical);
we investigate this distribution more closely in other
research. Also, it could be a good topic of investigation
to find out whether the loosing constraint (3) could
give an economical advantage due to inspecting
smaller sample sizes or not.

6. CONCLUSIONS

DS X-control charts are designed to allow the quick
detection of a small shift of process mean and
provides a quick response in an agile manufacturing
environment. However, DS X-control charts assume
that the process standard deviation remains unchanged
throughout the entire course of the statistical process
control. Therefore, a complementary DS chart that
can be used to monitor the process variation
caused by changes in process standard deviation
should be developed. In this paper, the development
DS s-chart for quickly detecting small shifts in
process standard deviation for agile manufacturing is
presented. The construction of the DS s-charts is based
on the same concepts in constructing DS X-charts and
is formulated as an optimization problem and solved
with a GA. The efficiency of DS s-control charts is
compared with that of the traditional s-control charts
and the results obtained are presented. The results

Copyright © 2002 John Wiley & Sons, Ltd.

of the comparison show that the DS s-control charts
can be a more economically preferable alternative
in detecting small shifts than traditional s-control
charts.

The work presented in this paper was an attempt
to develop a quick and efficient control chart for the
detection of a small shift in the process variance.
The results of the comparison show that the average
sample size required for detection of a small shift
is much less than for DS s-control charts. However,
the assumption that s has normal distribution is
becoming invalid when sample size is less than five.
That is why in this paper we did not consider the
comparison of the two charts for smaller sample
sizes. A future research work could include developing
DS s-charts without the assumption of a normal
distribution.

It is known that many practitioners still prefer
R-control charts to s or to s2, but for moderate values
of sample size n, say n > 10, a R-chart rapidly
loses its efficiency, as it ignores all the information
in the sample between maximum and minimum
values [2]. The results of the comparison between the
DS s-control charts and the traditional s-control charts
have shown that the DS s-charts can be very efficient
for a sample size greater than ten. So our conviction
is that the DS s-control charts could be used when the
sample size is moderate or large.
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APPENDIX A. DERIVATION OF c4

Implicitly it is being assumed that the quality
measurement follows a normal distribution with a
mean pu and a standard deviation o. As random
variables

(n1 — 1)s}
X=— "

2

ny — 1)s2
and y:@

2

o o

follow chi-square distributions with degrees of
freedomn| —1 and ny — 1, respectively, the sum of two
independent chi-squares is a chi-square distribution
with degrees of freedom

(mi—=D+m—1)=n1+n-2
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It now follows that

o = Dsi4 12— Ds3
2= ny+ny—2

02 |:(n1 —s? L (- l)s§:|

ny+ny,—2 o2 o2
o2
= |—Y
ny+ny—2
— 9y
iy +np—2

where Y has a chi-square distribution with 1 +ny — 2
degrees of freedom. Thus,

E(s) = us

=7 Ey'?
Jni+ny—2

_ o

N Jnp+ny—2

o, DRl ey
X Y -z 9
0 L ((n1 +ny — 1)/2)20m+n2=b/
T'((n) 4 ny — 1)/2)20m+m2=1/2
=0
Vi +ny =20 ((ng 4 np — 2)/2)20m+m2=1/2

o0 y((n1+n271)/2)71 eV/2
X / y1/2
0 I'((ny +ny — 1)/2)201+n2=1)/2

_ 2 F[(n1+n2—1)/2]0
~\Vni4+n2—2) Tln +n2—2)/2]

= C40

dy

APPENDIX B. DERIVATION OF INTERVALS OF
I AND I}*

Since s is in interval I, and

I, = [6410 — Dgsy/1 — 04211,6410 — Djo,/1 — 04211 ]
U [6410’ + Dio4/1 — c?”,cma + Dgy/1 — c?” ]
then

c410 — Dy 1_04211 <81 <410 — Dyoy/1 _04211

and

c410 + Dioy/1 — 642,1 <s1 < cq10 + Doy/1 — cil

For the case when there is no shift in the process
variability, i.e. A = 1, by multiplying both sides of
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the inequality signs by (n; — 1)/o'2, we obtain

2
(n) — 1)(6-41(; — Do J1— cﬁl)

O-2
s2(np — 1)

o2

2
(n1 — 1)(C41cr — Djo,/1 —c§1>

o2

2
(n1 — 1)(0410 + Dio,/1 —cfu)

02
s (ny — 1)

= 2

o

2
(n1 — 1)<C410 + Do,/ 1 —cﬁl)

o2

<

X

<

and

<

Since x is defined as x = (n; — 1)s12/<72 then

2

(1 —1)(C41—D,/1—c§1)
2
<x <o = D(en = Diyf1-c})

> 2
(11 = 1) (e + Diy/1 - )

2
<x < 0n = Dea + Dy1 -3,

and

Thus, interval I3 can be written as
2
L= |:(n1 —D)(ea - DyY1-c} ),
T\2
(1 = D = Diyf1- 3 ) }
2
U |:(n1 - 1)(641 +Dif1—¢2 ) ,
> \2
(n = D(ear + D1 -3, }
When there is a shift in process standard deviation
from o to oy, then the interval IJ* within which the

random variable x should vary, could be obtained as
follows. We have

c410 — Dgy/ 1 _642,1 <51 < ceq10 — Dyoy/ 1 —cﬁl

and

c410 + Dyo/1 — 04211 <51 <410 + Do/ 1 _szu
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By multiplying by both sides of the inequality signs
by (n1 — 1)/o?, we obtain

2 2
(n1 — 1)(0410 —Do,/1 — c41)

ol 2

s2(np = 1) _ (m —1)(0410—D1c7 l—cfu)
X ! 3 < >
g o;

and

2 2
(n1 — 1)(0410 + Djo,/1 —041)

ol .
sz(nl - (nq —1)(041G+Da,/1—cil)
1 <
1 1

Since x is defined as x = (n] — l)slz/crl2 then

o2 ) 2
(nl—l);<C41—D 1—c41)
1
o2 > 2
<x <= D5 (e - Diy1-c})
(o2

1

and

2 2
o
(n1 — 1)—2<C41 + D14/ 1 —C?“)
9]
o2 2 \2
<x <o = D5 (en+Dy1- 3, )
o]

Therefore, I;* can be written as

2 2
o

L= (n - 1)—2<C41 — D1 —cﬁl) ,
g

2

g 2

(ny —1) 2(641 - D 1—c41
l

o2 2
Ul —1) 2<C41+D1\/1—C41 )
02 5 \?
(nl—l)—2(641+D 1—c41)
o1
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