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Scheduling manufacturing systems for delayed product di� erentiation in
agile manufacturing

DAVID HEy* and ASTGHIK BABAYANy

Production of customized products to respond to changing markets in a short
time and at a low cost for agile manufacturing can be implemented with delayed
product di� erentiation in a manufacturing system. The successful implementation
of delayed product di� erentiation lies in e� cient scheduling of the manufacturing
system. Scheduling problems in implementing delayed product di� erentiation in a
general ¯exible manufacturing system are de®ned, formulated and solved here.
The manufacturing system consists of two stages: machining and assembly. At the
machining stage, a single machine is used to produce standard component parts
for assembly products. These parts are then assembled at the assembly stage by
multiple identical assembly stations to form customized products. The products
to be produced in the system are characterized by their assembly sequences repre-
sented by digraphs. The scheduling problem is to determine the sequence of prod-
ucts to be produced in the system so that the maximum completion time
(makespan) is minimized for any given number of assembly stations at the assem-
bly stage. Based on the representation of assembly sequence of the products, three
production modes are de®ned: production of a single product with a simple
assembly sequence; production of a single product with a complex assembly
sequence; and production of N products. According to the three de®ned produc-
tion modes, the associated scheduling problems are de®ned as Gs scheduling
problems, Gc scheduling problems and N-product scheduling problems, respect-
ively. Optimal and heuristic methods for solving the scheduling problems are
developed. The computational experiment shows that the heuristics provide
good solutions to the scheduling problems.

1. Introduction
Producing customized products in a short time at low cost is one of the goals of

agile manufacturing. Delayed product di� erentiation is a design strategy used to
achieve this goal in a manufacturing system. The delayed product di� erentiation
strategy is commonly implemented in a manufacturing process that involves two
stages: machining and assembly. When the delayed product di� erentiation strategy
is implemented, common and simple parts are machined at the machining stage and
delivered to the assembly stage to form the ®nished products. In this case, the
di� erentiation of the products can be easily postponed to the assembly stage. This
strategy allows one to standardize components and create a variety of products. The
delayed product di� erentiation strategy also provides the following bene®ts for agile
manufacturing: greater product customization, rapid introduction of new or modi-
®ed products, easy upgradable products, dynamic recon®guration of production
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processes, etc. The bene®ts of delayed product di� erentiation in terms of reduced
safety stock and shorter customer response time have been studied (e.g. Silver and

Peterson 1985, Gupta and Krishnan 1998).

To respond to the challenge of implementing delayed product di� erentiation,

modularity, which also enables component commonality of products, gains consid-

erable attention. Modularity arises from the breakdown of a complex part into

simple and functionally independent components which are assembled to make

customized parts. Although the number of parts in the modular design is larger
than that in the integral design, the total time of machining operations and manu-

facturing cost are more likely to decrease in the modular design. The integral designs

result in complex parts that require more complicated and costly manufacturing

processes. They also result in a higher inspection cost, a long processing time and

are more likely to fail in use.

Since in designing the modular design designers intend to replace a unique inte-

gral part with the assembly of common components that may be manufactured in
the machining stage or bought directly from suppliers, modular designs increase the

number of assembly operations and the assembly time and, hence, they may require

additional assembly stations in the system (He and Kusiak 1996).

Little research has been done to address the scheduling issues related to the

implementation of delayed product di� erentiation in a manufacturing system, espe-

cially when products with complicated assembly sequences are produced. Here, the

scheduling problems related to the implementation of delayed product di� erentia-
tion for agile manufacturing are formulated and solved.

The structure of the manufacturing system that implements the delayed product

di� erentiation in an agile manufacturing environment is shown in ®gure 1. The

manufacturing process in the system consists of two stages: machining and assembly.

There is one machine at the machining stage and there are q > 1 identical parallel

assembly stations at the assembly stage. Examples of systems with such a shop

structure can be observed in the manufacturing of automotive parts where com-
ponents are machined by a multifunctional machine tool and delivered to multiple

assembly stations for ®nal assembly (Warnecke and Walther 1982). The machining
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operations include all activities that consist of material-removal operations.
Assembly involves assembling the machined parts to form the required products.

Here, optimal solution methods for solving the scheduling problems are devel-
oped. Based on the insights gained in developing the optimal solution methods,
heuristic algorithms for solving e� ciently the scheduling problems are developed.

The remainder of the paper is organized as follows. In Section 2, the scheduling
problems to be solved are formally de®ned. The literature on solving related sched-
uling problems is reviewed in Section 3. Section 4 focuses on the development of
solution methods for solving the scheduling problems. The computational results for
solving the scheduling problems with the developed solution approaches are given in
Section 5. Section 6 concludes the paper.

2. Problem description
The scheduling problems for delayed product di� erentiation in agile manufactur-

ing are de®ned here.

2.1. Scheduling problem
There is single machine at the machining stage and there are q > 1 numbers of

assembly stations at the assembly stage. The objective of the scheduling is to assign
parts and subassemblies/assemblies to the machines at the machining and assembly
stages and determine the processing sequences on the machines so that the makespan
(Cmax), i.e. the maximum completion time, is minimized.

Note that in an agile manufacturing environment, since fast delivery of products
is of a major concern, Cmax is chosen as the scheduling objective for scheduling the
manufacturing systems to minimize the manufacturing cycle times. Here, the assem-
bly sequence of a product refers to the order in which parts and subassemblies are
assembled by the assembly stations. The assembly sequence of a product to be
produced in the system is represented by a digraph G and this representation follows
that de®ned in Kusiak (1989). In a digraph G, each node represents a part or a
subassembly/assembly, and an arc represents a precedence relationship between
two nodes. Any node with the number of edges incident to the node equal to 1
denotes a part. Any node with the number of edges incident to the node > 1 denotes
a subassembly or an assembly. The root node of a digraph always represents an
assembly.

The level of assembly in a digraph is assigned as follows: a 1 is assigned to the
root node (assembly) and working backward from the root node, values of increment
1 are assigned to each subassembly node. Part nodes have the same assembly level as
the corresponding subassembly or assembly nodes. Two products and the corre-
sponding digraph representations of their assembly sequences are shown in ®gure
2. The digraphs representing the assembly sequences of products can be classi®ed
into two types: simple and complex. A simple digraph is one in which at most one
subassembly node can be found at every assembly level (®gure 2(a)). A simple
digraph represents a linear assembly sequence of a product design. In a complex
digraph, more than one subassembly node can be found on at least one assembly
level (®gure 2(b)). Throughout, an assembly sequence of a product represented by a
simple digraph is referred to as a simple assembly sequence and an assembly sequence
of a product represented by a complex digraph is referred to as a complex assembly
sequence.
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The complete formulation of the scheduling problems requires some assumptions

to be made about the operations, resources and processing times. A collection of

standard assumptions applicable to the scheduling problem discussed in this paper

are given below.

. Every machine processes only one part at a time.

. Every part is processed on one machine at a time.

. Operations are not pre-emptive.

. There is unlimited bu� er space between assembly stations in assembly stage.

. There is unlimited bu� er space between machining and assembly stage.

. Set-up times for the operations are included in the processing times.

. Problem is a deterministic scheduling problem, i.e. ®xed processing times of

operations are known.

The scheduling problems will be solved according to the production modes in the

system. Based on the representation of assembly sequence of the products, three

production modes are de®ned: production of a single product with a simple assembly

sequence; production of a single product with a complex assembly sequence; and

production of N products. According to the three de®ned production modes, the
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Figure 2. Example of (a) a product and its simple digraph and (b) a product and its complex
digraph.



associated scheduling problems are de®ned as Gs scheduling problems, Gc scheduling
problems and N-product scheduling problems, respectively.

3. Literature review
In general, there are types of problems solved in the literature that are related to

the scheduling problems discussed here. One type of related problems are those of
scheduling products represented by simple and complex digraphs in a two-stage
¯exible manufacturing system ®rst solved as an aggregate scheduling problem in
Kusiak (1989). Here, the aggregate scheduling problem is modelled as the two-
machine ¯ow shop scheduling problems. Optimal scheduling algorithms for
solving both single product and N-product scheduling problems were developed.
However, the aggregate scheduling problems solved in Kusiak (1989) assume that
only one processing unit is available at both machining and assembly stages and this
assumption does not re¯ect the real situation in implementing product di� erentiation
strategies in an agile manufacturing environment.

Another type of related scheduling problems solved in the literature are the ¯ow
shop problems with parallel machines (FSPM). FSPM is considered as an extension
of two classical scheduling problems: ¯ow shop scheduling problem and parallel
machine scheduling problem. FSPM is also a basic model for ¯exible ¯ow line
scheduling problems solved in the literature. Hunsucker and Shah (1994) reviewed
industrial applications of scheduling in chemical engineering, computer systems,
telecommunication networks, ¯exible manufacturing systems (FMSs), etc. Brah
and Hunsucker (1991) developed a branch-and-bound algorithm to solve the make-
span FMPM scheduling problem. Mathematical models of FSPM have been dis-
cussed in Brah et al. (1991). Some special cases of FSPM have also been studied in
the literature. Gupta (1988) developed a heuristic algorithm for a two-stage problem
with one machine at the second stage. Sriskandarajah and Sethi (1989) developed
heuristics for a two-stage case and established the worst case bounds. Two heuristic
algorithms generating high-quality solutions for a two-stage case with one machine
at stage one and several machines at stage two have been developed by Gupta and
Tunc (1991). Chen (1995) developed heuristics to solve the special cases for systems
that have only two centres or systems where only one of the centres has parallel
machines. Extensions of FSPM that incorporate bu� ers and transporters between
centres have been studied by Wittrock (1988) and Sawik (1993).

Flow shop scheduling problems and parallel machine scheduling problems repre-
sent another class of related problems. The two-machine ¯ow shop-scheduling prob-
lem can be solved by Johnson’s algorithm (1954) . However, in general, if the number
of machines in a ¯ow shop is more than two, then the scheduling problem is know to
be NP-complete (e.g. Gonzalez and Sahni 1978). While the majority of research into
¯ow shop scheduling is focused on the serial-type ¯ow shop, a three-machine assem-
bly-type ¯ow shop-scheduling problem was studied by Lee et al. (1993).

Parallel machine scheduling problem (PkCmax) has been proved by Garey and
Johnson (1978) as NP-hard in a strong sense when the number of machines is
unlimited. However, the problem is solvable in pseudo-polynomia l time when the
number of machines is ®xed and thus NP-hard only in the ordinary sense. A recent
survey on parallel machine scheduling problems was by Cheng and Sin (1990).
Blazewicz et al. (1991) proposed optimal algorithms. However, most algorithms
developed for solving PkCmax are heuristics (e.g. Graham 1969, Go� man et al.
1978, Friesen and Langston 1986).
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Except for the scheduling problems solved by Kusiak (1989), none of the related
scheduling problems solved in the literature considered product structures repre-
sented by the simple and complex digraphs even though they provide the best struc-
tural information of the products.

Lee and Vairaktarakis (1998) considered a similar system structure in their paper
to the problem discussed in this paper and developed heuristics with worst-case error
bounds. However, the products/jobs in their paper include only two sequential
operations: one to be performed in the machining station, the other succeeding
operations to be performed in the assembly station. The multilevel assembly struc-
ture of a product referred in this paper changes the essence of the problem consider-
ably. This structure allows the implementation of the product di� erentiation
concept.

A three-machine assembly-type ¯ow shop-scheduling problem was studied by
Lee et al. (1993). In their model, a ®nal product is simply an assembly of two com-
ponents. In the three-machine assembly-type ¯ow shop, there are two parallel
machines at the ®rst stage and there is one assembly station at the second stage.
When both components of a job are completed at the ®rst stage, they are delivered to
assembly stage, where a single assembly station assembles the components.

4. Development of solution methods
Methods developed for solving the scheduling problems with implementation of

delayed product di� erentiation for agile manufacturing are presented here. The
presentation consists of three parts. The ®rst part covers the development of optimal
solution methods for solving the scheduling problems. The second part covers the
development of heuristic methods. In the third part, a lower bound is presented.

4.1. Development of optimal solution methods
Before the optimal solution methods for solving the Gs, Gc and N-product sched-

uling problems are presented the following notations and variables are de®ned.

q is the number of assembly stations at the assembly stage,
N is the number of assembly operations,
Ai is the assembly operation i,
Pi is the machining operation i,

t…Ai† is the assembly time of assembly operation Ai,
t…Pi† is the machining time of machining operation Pi,

AP is the set of assembly operations with preceding part nodes,
IP…Ai† is the set of all assembly operations immediately preceding Ai,

NA…Ai† is the set of assembly operation neither preceding nor succeeding to Ai,
l is the index of assembly level in a digraph,

L is the maximum assembly level of a digraph, and
M is the arbitrary large number.

Variables:

CT…Ai† is the completion time of assembly operation Ai,
ST…Ai† ˆ CT…Ai† ¡ t…Ai†; is the starting time of assembly operation Ai;

xij ˆ
1; if assembly operation i is assigned to machine j

0; otherwise;

»
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qij ˆ
1; if machining operation i is scheduled before

machining operation j;

0; otherwise;

8
><

>:

CTj…Ai† ˆ
CT…Ai†; if assembly operation i is assigned to machine j;

0; otherwise;

»

yijk; zij ˆ 0 or 1 are auxiliary variables.

4.1.1. Solving the Gs scheduling problem
Here, the structure of the manufacturing system is represented by a tuple (m; q),

where m is the number of machines at the machining stage and q is the number of
assembly stations at the assembly stage. Note that the Gs scheduling problem
involves scheduling a single product with a simple assembly sequence in the manu-
facturing system with a structure (m ˆ 1, q > 1). The following theorem provides the
optimal solution for solving the Gs scheduling problems.

Theorem 1 (see proof in Appendix A): Solving the Gs scheduling problems for
system structure (m ˆ 1, q ˆ 1) gives an optimal solution for solving the Gs sched-
uling problems for system structure (m ˆ 1, q > 1). The optimal solution can be
obtained by applying the maximum level of depth ®rst (MLDF) rule.

4.1.2. Solving the Gc scheduling problem
When a single product with a complex assembly sequence is produced in the

system, the scheduling problem is a Gc scheduling problem.
Any complex digraph can be converted into a `standard’ digraph representation

where only the assembly nodes with the highest assembly level have preceding parts.
The digraph standardization procedure is described in the following.

4.1.2.1. Digraph standardization procedure (DSP). Identify the set of part nodes
with the assembly level l less than highest assembly level (l < L). For each part
node Pi from that set de®ne dummy subassembly nodes AL

d ;i; AL¡1
d ;i ; . . . ; and Al‡1

d ;i
(the lower case letter d indicates dummy, index i indicates relation with part node
Pi, the upper index indicates the level of assembly), with processing time equal to
zero. Connect the part node to the subassembly node AL

d ;i, connect AL
d ;i with AL¡1

d ;i ,
and so on, until connecting Al‡1

d ;i with the subassembly/assembly node immediately
succeeding to part node Pi in the original digraph.

Figure 3 shows a simple example of converting a complex digraph into a `stan-
dard’ digraph representation using DSP. Note that subassembly node A2

d ;5 added to
the digraph is a dummy assembly node with assembly time equal to zero.

Note that the manufacturing system under the investigation has only one
machine at the machining stage. Therefore, without loss of generality, it is conve-
nient to aggregate all the part nodes that precede the same subassembly node into a
single `aggregated’ part node whose machining time is the sum of the machining
times of all the part nodes. The result of this aggregation is an `aggregated’ digraph
representation of the assembly sequence. Figure 4 shows a simple example of the
aggregation of a digraph.
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A mixed-integer programming formulation for solving the Gc scheduling prob-
lem is given in equations (1)±(12).

Mixed-integer programming formulation:

min Z ˆ CT…AN† …1†

subject to

CT…Ai† ¡ t…Ai† ¶
Xk

jˆ1
j 6ˆi

qjit…Pj† ‡ t…Pi† for i; Ai 2 AP; k ˆ jAPj …2†

qij ‡ qji ˆ 1 for i; j; Ai 2 AP; Aj 2 AP; i 6ˆ j …3†

CT…Ai† ¶ CT…Aj† ‡ t…Ai† for i ˆ 1; . . . ; N ; Aj 2 IP…Ai† …4†
Xq

jˆ1

xij ˆ 1 i ˆ 1; . . . ; N …5†
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Figure 3. (a) Original complex digraph, where A3 has a preceding part node; (b) converted
digraph, where only assemblies with the highest assembly level have preceding part nodes.
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Xq

jˆ1

CTj…Ai† ˆ CT…Ai† i ˆ 1; . . . ; N ¡ 1 …6†

xij µ M…1 ¡ zij† …7†

CT…Ai† ¡ CTj…Ai† µ Mzij for i ˆ 1; . . . ; N ¡ 1; j ˆ 1; . . . ; q …8†

CTj…Ai† ¡ CTj…Ak† ‡ xkjt…Ak† µ Myikj …9†

CTj…Ak† ‡ xijt…Ai† ¡ CTj…Ai† µ M…1 ¡ yikj†

for i ˆ 1; . . . ; N ¡ 1; j ˆ 1; . . . ; q; Ak 2 NA…Ai† …10†

xij ; qij ;yikj and zij ˆ 0 or 1: …11†

All other variables are non-negative: …12†

The objective function (1) minimizes the completion time of the ®nal assembly
operation AN . Constraint (2) ensures that each assembly operation at the highest
assembly level will start after the corresponding machining operation is completed.
Constraint (3) ensures that for any two part nodes Pi and Pj either Pi is assigned
before Pj or Pj is assigned before Pi. Constraint (4) ensures that assembly/
subassembly operations having immediately preceding subassemblies will not start
before the completion time of preceding assembly operations. Constraint (5) ensures
that each assembly operation will be assigned to only one assembly station.
Constraints (6)±(8) ensure that if assembly Ai is assigned to station j, then the com-
pletion time of assembly Ai on assembly station j is equal to the completion time of
that assembly operation Ai. Constraints (9) and (10) ensure that no overlapping of
assembly operations occur on any assembly station. Constraints (11) and (12) ensure
integrity and non-negativity.

4.1.3. Solving the N-product scheduling problem
The N-product scheduling problem involves scheduling N multiple products with

either simple or complex assembly sequences. The approach for solving the N-prod-
uct scheduling problem is to construct a complex digraph by connecting the assem-
bly nodes of N products to a dummy ®nal assembly node, Ad . An assembly time of 0
is assigned to Ad , i.e. t…Ad† ˆ 0. Then solving the N-product scheduling problem is
equivalent to solving a Gc scheduling problem. Figure 5 shows the transformation of
N digraphs into a single complex digraph.

Note that optimal solution for Gs scheduling problem can be obtained easily.
However, the model (1±12) for Gc scheduling problems is di� cult to solve optimally
for large size problems due to its computational complexity as the Gc scheduling
problem can be considered as an extended parallel machine makespan scheduling
problem. As an N-product scheduling problem can be always converted into an
equivalent Gc scheduling problem, the computational complexity for solving a N-
product scheduling problem is the same as for solving a Gc scheduling problem. To
solve the scheduling problems e� ciently, heuristic algorithms for solving the Gc and
N-product scheduling problems are developed.

4.2. Development of heuristic algorithms
Consider scheduling an assembly product that has a complex assembly sequence.

Without loss of generality, it is assumed that the assembly sequence of the product
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can be represented by a `standard’ aggregated digraph with total number of aggre-

gated part nodes equal to n.
Before introducing the terms to be used in this section, note that the makespan

does not actually depend on the last assembly operation. So, the processing time of

the last assembly is omitted for the convenience.

De®ne:

N number of assembly nodes in a converted digraph,
Nl number of assembly/subassembly nodes at assembly level l,

n number of part nodes in the converted digraph, which is same as number of

subassemblies having preceding part node,

TM ˆ
Xn

iˆ1

t…Pi† total machining time;

TA ˆ
XN

iˆ1

t…Ai† total assembly time;

TSA ˆ
XN¡1

iˆ1

t…Ai† total subassembly time;

·tt ˆ TM

n
average machining time per part;

T ˆ
TSA

N ¡ 1
average subassembly time per subassembly operation:

In developing the heuristics, three cases are considered based on the relationship

between total machining times and assembly times. For each case a heuristic is
developed. To de®ne each case, consider a general representation of assembly
sequence in ®gure 6.
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Note that the maximum number of assembly nodes at assembly level l can be
calculated as

Nl ˆ n

2L¡l

µ ¶
;

where ‰°Š is the nearest integer of °. Hence, the total maximum number of assembly
operations in a digraph with n part nodes is:

N ˆ
XL

lˆ1

Nl ˆ n ‡ n

21

µ ¶
‡ n

22

µ ¶
‡ n

23

µ ¶
‡ ¢ ¢ ¢ ‡ n

2L¡1

µ ¶

ˆ n ‡ n

21
‡ n

22
‡ n

23
‡ ¢ ¢ ¢ ‡ n

2L¡1

µ ¶

µ n 1 ‡ 1

21
‡ 1

22
‡ 1

23
‡ ¢ ¢ ¢ ‡ 1

2L¡1

³ ´
< 2n: …13†

Based on the relationship of the total machining and assembly times in a digraph,
three separate cases in solving a Gc scheduling problem are considered in the following.

Case 1 : TM <
TSA

q

Case 2 : TM ¶
TSA

q
and ·tt ¶ 2 ·TT

Case 3 : TM ¶ TSA

q
and ·tt < 2 ·TT :

Next, heuristic algorithms for solving the Gc scheduling problems for these cases
are presented.

Case1 : TM <
TSA

q
:
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In this case, from (13) it can be shown that

n·tt ˆ TM <
TSA

q
<

N ·TT

q
<

2n ·TT

q
or ·tt <

2T

q
; since q ¶ 2; ·tt < ·TT : …14†

From (14) one can see that the average assembly time per part is greater than the
average machining time per assembly operation. In this case, the scheduling priority
should be given to the subassembly operations. Starting subassemblies as soon as
possible will improve the makespan. Hence, the SPTF (shortest processing time ®rst)
rule should provide good solutions to the scheduling problems. The heuristic algor-
ithm developed for Case 1 is presented next.

Heuristic algorithm 1 (HA1):
Step 1. Apply the DSP to obtain a `standard’ aggregated digraph G.
Step 2. Schedule the machining operations at the machining stage with the SPTF

rule.
Step 3. Schedule assembly operations on available assembly stations as soon as

possible (ASAP).

Example 1 is given illustrate the application of HA1.

Example 1: Consider scheduling a product with `standard’ aggregated assembly
sequence presented in ®gure 7 in a manufacturing system with a structure
(m ˆ 1; q ˆ 2). The machining and assembly times are given in table 1.

TM ˆ 14

TSA ˆ 55:
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Figure 7. Assembly sequence of the product.

Part number P1 P2 P3 P4 ± ± ±
Machining time 3 4 2 5 ± ± ±
Subassembly number A1 A2 A3 A4 A6 A6 A7

Assembly time 7 11 9 8 10 10 6

Table 1. Machining and assembly times.



Since

TM <
TSA

2
;

apply heuristic algorithm 1.
Since the digraph in ®gure 7 is a `standard’ aggregated digraph representation of

the assembly sequence, the ®rst step in HA1 is skipped.

Step 2. Applying the SPTF rule provides the following sequence of the machining
operations: P3; P1; P2; P4.

Step 3. After scheduling the assembly operations on available assembly stations as
soon as possible (ASAP), the schedule is obtained in ®gure 8.

Case 2 : TM ¶ TSA

q
and ·tt ¶ 2 ·TT :

In this case, on average, each machining operation takes twice as much times as an
assembly operation. Applying inequality (13) we get:

TM ˆ n·tt ¶ 2n ·TT ¶ …N ¡ 1† ·TT ˆ TSA ¶
TSA

q
:

Since ·tt ¶ 2 ·TT implies that

TM ¶ TSA

q
;

then the condition

TM ¶ TSA

q

can be omitted in Case 2.
Physically this means machining station is strictly busier than assembly station.

Of course, the condition given by Case 2 is much stronger than this. Therefore, most
of the assembly operations can be scheduled on the ®rst assembly stations at the
assembly stage. Hence, a schedule obtained by solving a Gc scheduling problem in a
system where there is only one assembly station at the assembly stage provides a very
good approximation of the optimal schedule.

Heuristic algorithm 2 (HA2):

Step 1. Apply the DSP to obtain a `standard’ aggregated digraph G.
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M P3 P1 P2 P4

2 5 9 14
AS1 A3 A2 A5 A7

2 11 22 32 38
AS2 A1 A4 A6

5 12 22 32
Time Cmax=38

Figure 8. Gantt chart of schedule obtained from heuristic HA1.



Step 2. Apply Theorem 2 in Kusiak (1989) to obtain an aggregate minimum make-
span schedule. Schedule part nodes on the machine at the machining stage

according to the aggregate schedule.

Step 3. Schedule assembly operations on ®rst available assembly stations as soon as

possible (ASAP).

Example 2 is given to illustrate the application of HA2.

Example 2: Consider scheduling a product with assembly sequence presented in
®gure 7 in a manufacturing system with a structure (m ˆ 1; q ˆ 2). The machining
and assembly times are given in table 2.

TM ˆ 87; TSA ˆ 57; ·tt ˆ 87=4 ˆ 21:75; ·TT ˆ 57=6 ˆ 9:5:

Since ·tt ¶ 2 ·TT , apply heuristic algorithm 2.

Since the digraph in ®gure 7 is a `standard’ aggregated digraph representation of

the assembly sequence, the ®rst step in HA2 is skipped.

Step 2. Applying Theorem 2 in Kusiak (1989) provides the following sequence of the

machining operations: P3; P4; P2; P1.

Step 3. After scheduling assembly operations on the ®rst available assembly stations

as soon as possible (ASAP), the schedule is obtained in ®gure 9.

Case 3 : TM ¶ TSA

q
and ·tt < 2 ·TT :

This is the opposite case of the combination of previous 2 cases. In this case, one can
see that there are some `frequent’ cases of idle time on the assembly stations. Each
assembly station is less busy, on average, than the machine at the machining station.
Therefore, instead of assigning the scheduling priority to the subassembly operations
as in Case 1, attention should be given to the total subassembly time belonging to a
direct path from the part nodes to the assembly node. The heuristic algorithm for
solving the Gc scheduling problems for Case 3 is presented next.

Heuristic algorithm 3 (HA3):
Step 1. Apply the DSP to obtain a `standard’ aggregated digraph G.
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Part number P1 P2 P3 P4 ± ± ±
Machining time 23 19 21 24 ± ± ±
Subassembly number A1 A2 A3 A4 A6 A6 A7

Assembly time 7 11 19 10 10 10 4

Table 2. Machining and assembly times.

M P3 P4 P2 P1

21 45 64 87
AS1 A3 A4 A6 A2 A1 A5 A7

21 30 45 53 63 75 87 94 104 108
AM2

Time max=108

Figure 9. Gantt chart of schedule obtained using heuristic HA2.



Step 2. For each part node Pi calculate total subassembly time Ti of subassembly
nodes belonging to the direct path from Pi to the root node AN .

Step 3. Schedule part nodes on the machine at the machining stage with the des-
cending order of Ti.

Step 4. Schedule assembly operations on available assembly stations as soon as
possible (ASAP).

Example 3 is given to illustrate the application of HA3.

Example 3: Consider scheduling a product with assembly sequence presented in
®gure 7 in a manufacturing system with a structure (m ˆ 1; q ˆ 2). The machining
and assembly times are given in table 3.

TM ˆ 41; TSA ˆ 64; ·tt ˆ 41=4 ˆ 10:25; ·TT ˆ 64=6 ˆ 10:67:

Since

TM >
TSA

2
and ·tt < 2 ·TT ;

apply heuristic algorithm 3.
Since the digraph in ®gure 7 is a `standard’ aggregated digraph representation of

the assembly sequence, the ®rst step in HA3 is skipped.

Step 2. Calculate Ti; i ˆ 1; . . . ; 4:

T1 ˆ t…A1† ‡ t…A5† ˆ 20

T2 ˆ t…A2† ‡ t…A5† ˆ 21

T3 ˆ t…A3† ‡ t…A6† ˆ 25

T4 ˆ t…A4† ‡ t…A6† ˆ 24:

Step 3. Schedule the part nodes at the machining stage according to the
P3; P4; P2; P1 sequence.

Step 4. After scheduling assembly operations on available assembly station as soon
as possible (ASAP), the schedule is obtained in ®gure 10.

Finally, based on the heuristics developed for the Gc scheduling problems, the
heuristic for solving N-product scheduling is presented next.

Heuristic algorithm 4 (HA4):
Step 1. Convert the N-product scheduling problem into an equivalent Gc scheduling

problem by constructing a complex digraph by connecting the assembly
nodes of N products to a dummy ®nal assembly node, Ad . Let t…Ad† ˆ 0.

Step 2. Solving the equivalent Gc scheduling problems using HA1, HA2 or HA3.
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Part number P1 P2 P3 P4 ± ± ±
Machining time 10 8 11 12 ± ± ±
Subassembly number A1 A2 A3 A4 A6 A6 A7

Assembly time 8 9 11 10 12 14 4

Table 3. Machining and assembly times.



Since all these heuristics were developed based on the relationships between the
average machining and assembly times, their performance is expected to be good
with a production scenario of larger number of parts to be assembled, and small
standard deviations of machining and assembly times. This type of production sce-
nario represents the situation in implementing the delayed product di� erentiation
strategies in an agile manufacturing environment.

4.3. Development of a lower bound
To evaluate the performance of the heuristics a tight lower bound was developed.

In developing the lower bound, the following terms are de®ned:

PHi set of the subassembly nodes belonging to the direct path from the part node

Pi to the root node AN ; i ˆ 1; . . . ; n

min…k†f…°†g ˆ the kth smallest number in the set …°†:

To develop a tight lower bound, two lower bounds are constructed and the tight
bound is the largest one between the two lower bounds. In general, two types of
relations can be established between the machining and assembly times in the system
where we have a single machining and multiple assembly stations. First, the average
of the total subassembly time (TSA/q) is less than or equal to the total machining
time TM, and second, the average of the total subassembly time (TSA/q) is larger
than the total machining time TM. The developed lower bound LB1 is e� ective in the
®rst case, while the lower bound LB2 is e� ective in the second case. To develop a
tight lower bound, largest one between the two lower bounds is chosen for the
general case.

LB1 ˆ t…AN† ‡ TM ‡ min
n

iˆ1

X

Aj2PHi

t…Aj†

8
<

:

9
=

;

LB2 ˆ t…AN† ‡
TSA ‡

Xq

kˆ1

…q ¡ k ‡ 1† min
n…k†

iˆ1
n t…Pi†f g

q

LB ˆ maxfLB1; LB2g

Example 4 is given to illustrate the calculation of the lower bound.
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M P3 P4 P2 P1

11 23 31 41
AS1 A3 A2 A1 A5

11 22 31 40 49 61
AS2 A4 A6 A7

23 33 47 max=65
Time

Figure 10. Gantt chart of schedule obtained using heuristic HA3.



Example 4: Find the lower bound for the scheduling problem in Example 1. To
®nd the lower bound one needs to ®rst calculate TM, TSA, PHi; i ˆ 1; . . . ; 4.

TM ˆ
X4

iˆ1

t…Pi† ˆ 14; TSA ˆ
X6

iˆ1

t…Ai† ˆ 55

PH1 ˆ fA1; A5g; the total subassembly time on path PH1 is
X

Aj 2PH1

t…Aj†

ˆ t…A1† ‡ t…A5† ˆ 17

PH2 ˆ fA2; A5g; the total subassembly time on path PH2 is
X

Aj 2PH2

t…Aj†

ˆ t…A2† ‡ t…A5† ˆ 21

PH3 ˆ fA3; A6g; the total subassembly time on path PH3 is
X

Aj 2PH3

t…Aj†

ˆ t…A3† ‡ t…A6† ˆ 19

PH4 ˆ fA4; A6g; the total subassembly time on path PH4 is
X

Aj 2PH4

t…Aj†

ˆ t…A4† ‡ t…A6† ˆ 18

LB1 ˆ t…A7† ‡ TM ‡ min
4

iˆ1

X

Aj2PHi

t…Aj†

8
<

:

9
=

; ˆ 6 ‡ 14 ‡ minf17; 21; 19; 18g ˆ 37

LB2 ˆ t…A7† ‡
TSA ‡

X2

kˆ1

…2 ¡ k ‡ 1† min
4…k†

iˆ1
t…Pi†f g

q
ˆ 6 ‡ …55 ‡ 2 £ 2 ‡ 3†=2 ˆ 37

LB ˆ maxfLB1; LB2g ˆ maxf37; 37g ˆ 37:

Similarly, the lower bounds for Examples 2 and 3 were calculated and the result are
LB ˆ 65 and 108, respectively.

By comparing the corresponding lower bounds with the results obtained by
heuristic algorithms HA1, HA2 and HA3, one can conclude that the heuristics
obtained optimal solutions for the three examples.

5. Computational experience
To evaluate the performance of the heuristics developed to solve the scheduling

problems, a computational experiment was conducted. In the computational experi-
ment, makespans of the schedules obtained by the heuristics were compared with the
lower bounds. Eleven types of problems with di� erent assembly sequences were
tested. For each testing problem, 10 instances were generated, and for each instance,
the assembly sequence, the number of part nodes, the number of subassembly nodes,
the maximum level of assembly, the machining times and the assembly times were
randomly generated. The data were generated based on the real assembly application
information from industrial assembly handbooks (e.g. Lotter 1989, Boothroyd 1992,
Nof et al. 1996). The average size of the problems corresponds to 35 part nodes, 54
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assembly nodes and six assembly levels. The machining times and assembly times
were generated using uniform distribution U(2, 25) and U(1, 30), respectively. The
test problems were further divided into two categories based on the relationship
between ·tt and ·TT : ·tt < ·TTand ·tt ¶ ·TT . For problems in both categories of ·tt < ·TT , heur-
istic algorithm HA1 was applied. For problems in the category ·tt ¶ ·TT , either HA2 or
HA3 was applied depending on the relationship between ·tt and 2 ·TT . Since solving the
N-product scheduling problem is equivalent to solving a Gc scheduling problem and
heuristics developed for solving the Gc scheduling problems are applied directly to
solve the N-product scheduling problems, the performance of HA1, HA2 and HA3
should indicate the same level of performance of HA4. For this reason, HA4 was not
tested in the experiment. The results of the comparison are given in table 4.

As one can see from table 4, the relative di� erences between the makespans of the
HA1 solutions and the lower bounds are small for all the tested problems that satisfy
the ·tt < ·TT condition. In addition, for all the problems with ·tt < ·TT , the solutions
obtained by HA1 are better than the solutions obtained by HA2. Similarly, the
relative di� erences between the makespans of the HA2 or HA3 solutions and the
lower bounds are small for all the tested problems that satisfy ·tt ¶ ·TT condition. For
the problems satisfying the ·tt ¶ ·TT condition, HA2 or HA3 outperform HA1. For
many problems tested in the experiment, the makespans were the same as the lower
bounds, which indicate that the solutions are optimal. The results of the computa-
tional experiment suggest that for better scheduling performance, HA1 should be
used when ·tt < ·TT , and HA2 or HA3 when ·tt ¶ ·TT .

6. Conclusions
Production of customized products to respond to changing markets in a short

time and at a low cost for agile manufacturing can be implemented with delayed
product di� erentiation in a manufacturing system. The successful implementation of
delayed product di� erentiation lies in e� cient scheduling of the manufacturing
system.

Here, scheduling problems associated with implementing delayed product di� er-
entiation in a general ¯exible manufacturing system are de®ned, formulated and
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Relation C
2=3
max LB

between Problem C1
max (HA2 or (lower bound

C1
max ¡ LB

C1
max

Á !
C

2=3
max ¡ LB

C
2=3
max

Á !
£100%

·tt and ·TT no. (HA1) HA3) on Cmax)

1 353 365 350 2.25 4.11
2 365 365 348 0.81 4.66

·tt < ·TT 3 397 399 388 0.00 2.76
4 375 392 355 2.11 9.44
5 403 411 375 0.88 8.76

6 533 521 521 0.85 0.00
7 494 490 490 4.66 0.00

·tt ¶ ·TT 8 670 670 670 2.27 0.00
9 522 522 511 5.33 2.11

10 678 679 672 6.95 1.03
11 677 658 658 2.81 0.00

Table 4. Results of the computational experiment.



solved. The manufacturing system consists of two stages: machining and assembly.
At the machining stage, one machine produces standard component parts for
assembly products. These parts are then assembled at the assembly stage by
multiple identical assembly stations to form customized products. The products
to be produced in the system are characterized by their assembly sequences,
which are represented by di� erent digraphs. The scheduling problem is to determine
the sequence of products to be produced in the system so that the maximum com-
pletion time (makespan) is minimized for any given number of assembly stations at
the assembly stage. Based on the representation of assembly sequence of the prod-
ucts, three production modes are de®ned: production of a single product with a
simple assembly sequence; production of a single product with a complex assembly
sequence; and production of N products. According to the three de®ned production
modes, the associated scheduling problems are de®ned as Gs scheduling problems, Gc

scheduling problems and N-product scheduling problems, respectively. Optimal and
heuristic methods for solving the scheduling problems are developed.

To show the e� ectiveness of developed solution approaches, test problems were
randomly generated based on the assembly application information from industrial
assembly handbooks. The computational results show that the developed heuristics
provide good solutions to the scheduling problems. It is believed that these randomly
generated problems can be good representatives of real industrial problems and the
conclusions drawn from the heuristic performances are valid for real environments.

The assumptions made in formulating the problems constrain the scheduling
problems tightly and also predict and facilitate the generation of the feasible sol-
utions. Future work can be addressed to develop more sophisticated algorithms that
consider set-up times, bu� er spaces, etc. and which are applicable for more complex
industrial environments. It is also aimed to produce a suite of mechanisms that
collectively cover a broad range of problems using dominance rules suitable for
di� erent systems. Ideally, it would choose a mechanism for a given problem and
generate a desired solution.

Appendix: Proof of Theorem 1
De®ne:

Al is a subassembly/assembly node at assembly level l, l ˆ 1; . . . ; L,
in a simple digraph.

By the de®nition of a simple digraph, for any two subassembly/assembly nodes in a
simple digraph, the following condition holds:

ST…Al‡1† ¶ CT…Al†: …1†

From (1), the followings can be derived:

ST…Al‡1† ‡ t…Al‡1† ¶ CT…Al† ‡ t…Al‡1†

CT…Al‡1† ¶ CT…Al† ‡ t…Al‡1†: …2†

Since relation (1) holds for any subassembly/assembly nodes in a simple digraph,
for subassembly/assembly nodes A

l‡1 and A
l‡2 in a simple digraph the following
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should hold:

ST…Al‡2† ¶ CT…Al‡1†: …3†

By substituting CT…Al‡1† in (2) with ST…Al‡2† in (3), the following relation can be
derived:

ST…Al‡2† ¶ CT…Al† ‡ t…Al‡1† or ST…Al‡2† ¡ CT…Al†t…Al‡1†: …4†

Relation (4) indicates that for any three consecutive assembly operations in a
feasible sequence, there is always enough time to start and complete the second
assembly operation between the starting time of the third assembly operation and
completion time of the ®rst assembly operation. Since relation (1) indicates that for
any two consecutive assembly operations in a feasible sequence one can always
schedule the second assembly operation on the same machine as the ®rst assembly
operation, from relation (4) one can always schedule the third assembly operations
on the same machine as the ®rst and second assembly operations. Thus, by starting
with the ®rst assembly operations in a feasible sequence, one can always schedule the
remaining assembly operations on the same machine as the ®rst assembly operation.
Therefore, for any feasible schedule of a Gs scheduling problem in a system structure
(m ˆ 1; q > 1), there is always an equivalent feasible schedule of the Gs scheduling
problem in the system structure (m ˆ 1; q ˆ 1).

Since the optimal schedule of a Gs scheduling problem in system structure
(m ˆ 1; q ˆ 1) can be obtained by the maximum level of depth ®rst (MLDF) rule
(Kusiak 1989), an optimal schedule of the Gs scheduling problem for a system
structure (m ˆ 1; q > 1) can also be obtained by the MLDF rule. Thus, the proof
is completed.
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